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ABSTRACT
We prove that for every bounded linear operator T: C?? — H (1 < p < oo,
H is a Hilbert space, C?? is the Schatten space) there exists a continuous
linear form f on C? such that f > 0, || f ||(cr)»=1 and

- *
Ve O, | T() IS 2VEIT 1< £, 212 51

For p = oo this non-commutative analogue of Grothendieck’s theorem
was first proved by G. Pisier. In the above statement the Schatten space
C?? can be replaced by Cp(2) where E(?) is the 2-convexification of the
symmetric sequence space E, and f is a continuous linear form on Cg.
The statement can also be extended to Lp:)(M,7) where M is a Von
Neumann algebra, T a trace on M, E a symmetric function space.

Introduction

This work fits in a long series of papers extending properties of symmetric se-
quence spaces E to Schatten (unitary) spaces Cg, and properties of symmetric
function spaces on [0, 1] or ]0, co[ to Lg(M, 1) spaces defined on a Von Neumann
algebra M and a suitable trace 7: see for example [GTJ], [TJ], [AL], [A], [FK],
[X1], [X2], [X3]. We first study the set S4 of norm one linear functionals support-
ing the unit ball of Cg at A (part IT). We think that these results are interesting
in their own right, we use them later on.

Our main aim is to prove a factorization theorem which extends Grothendieck’s
theorem for C(K) (continuous functions on the compact set K) [cf P2, theorem
5.4] and Pisier’s theorem for C*-algebras [P1] :
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THEOREM 0: Let H be a Hilbert space, E a symmetric sequence space, E?) its
2-convexification. We assume that E* has a strictly increasing norm. Let T be
a bounded linear operator : Cgz) — H. Then there exists a positive linear form
fonCg, | f|l=1, such that

VeeCpm | T(2) S 2VET < £, Z2HEE S,

We recall that if C(K) replaces Cg(s) the constant is less than \/_g and the
constant for a C*-algebra is less than 2.

We will also prove a generalization of Theorem 0 for Lg)(M, ) spaces (see
Theorem V.5).

Theorem 0 has been predicted for many years. The commutative version,
for operators: E® — H where E®) is a 2-convex Kdthe function space, is
Grothendieck’s theorem for E = E() = C(K) ; the general case is proved in [M,
proof of Theorem 28] as a consequence of the C(K) case, modulo an analogue of
[P1, Proposition 1.1].

The case C., (= K(H), compact operators on a Hilbert space H) is contained
in Pisier’s theorem. The case C?? = Cpp = Ciry» (2 < p < 00) was already
known: actually it was proved in [LPP, Theorem IV.4] that Theorem 0 holds
true for Cg2) if and only if Khintchine inequalities hold true in the dual space of
Cg(»; these inequalities hold true in the dual space of C?? for 1 < p < oo [LPP,
Corollary II1.4].

This was our motivation and our knowledge when we first tried to prove The-
orem 0. In a previous version of this paper we gave a proof of Theorem 0 which
did not extend completely to the Lg)(M,T) setting. After we had submitted
this first version we learnt from the referee a proof for C?? which he had known
for several years but which had never been published. Some steps were similar
to ours, some fitted only in the C?P case. Let us now make some comments on
the proof we present here.

Besides [P1] and [LPP] other proofs of Pisier’s theorem for C*-algebras can be
found in [Kai, Theorem 2] and [H, Appendix]. Our proof (as well as the referee’s)
follows Haagerup’s line. Haagerup uses the easy equality

2 .
Il Id +itB — %Bz =1l €% || +o(t*) =1+ oft?)

for hermitian B, t € R, in the operator norm.
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In our case the idea is to majorize || A +itB ||"E,E(z) , up to the order 2, around
t = 0, for A > 0 and B hermitian (the referee’s proof uses E || A + €tB ||,
instead, where ¢ is a random variable such that P(e = +1) = P(e = —1) = 1/2).

In the finite dimensional case we get
&) | A+itB |, <I| 47 + 2B o, +o(t?).

This easily implies theorem 0 if Cg is smooth and if T: Cge — H attains
its norm at A > 0, A € Cg;s) (see Lemma IV.3); the desired linear form is
the tangent linear functional at A%. Note that for 1 < p < oo, C? is smooth
and S4 = {AP71} for A > 0, || A ||cr= 1. This makes everything simpler, in
particular all the results of part II are obvious in this case. If A% is not a smooth
point for Cg we consider || A +itB — t°C ||c,, for A > 0, B hermitian, C
depending on A, B and we have to “choose” a linear form in Sya.

The difference between our two versions (and between the referee’s proof) lies
in the way these norms are estimated. In our first version we used an argument
of perturbation theory in finite dimensional spaces, namely order 2 expansions
of the eigenvalues of | A + itB |? around ¢ = 0 (see the comments on part III).
Our argument now relies on the fact that for suitable B’s the estimation of the
norm is easy and the set of these B’s is big enough (see part III).

Let us mention a related norm inequality [TJ, Proposition 1): Let A > 0, B
be hermitian operators in Cg). Then

(2) I A* llos <l A +itB|Ig_, <l A lics +2t* || B? |ics -

The paper is organized as follows: in part I we give notation and definitions
for Cg spaces; in part I we study the set S of supporting linear functionals at
A € CE and the expansion of || A+tB ||¢g around ¢t = 0 up to the order 1; in part
IIT we study || A +itB |jc_(,, around ¢ = 0 up to the order 2 for some hermitian
A’s and B’s; in part IV we prove Theorem 0, first in the finite dimensional case,
then we give the reduction steps from the general case to the finite dimensional
one; part V is devoted to the Lg(M, ) setting: we give definitions and we
generalize results from parts II, III, IV in order to prove Theorem V.5 which is
the version of Theorem 0 in this setting.

We choose to consider separately the cases Cg and Lg(M, ) because the first

one is simpler and familiar to more readers, and the proof is more transparent.
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We could have simplified the statement of some lemmas in parts II, III, IV if our
aim had been only the proof of Theorem 0, because most results are needed in the
finite dimensional case only; but some are of interest in the infinite dimensional

case, moreover we also wanted to prepare the extension to the Lg(M, 1) setting.

I. Notation and definitions (Cg spaces)

All Banach spaces in this paper are complex Banach spaces. The dual of a Banach
space X is denoted by X*.

Definition I.1: A Banach lattice E has a strictly increasing norm if for z,y > 0,
2,y € E, ||z +yl=| = || implies y = 0.

We will use this property only when = A y = 0. For example, the norm of E is
strictly increasing if E is the dual space of a smooth space, or more generally if
E is g-concave with constant 1

For a Banach lattice E and 1 < p < 00, E(P) denotes the p-convexification of
E,ie. || z |5, =l = [?||g [LT, 1d, p. 53]. For example (£7)®) =27 1 < p < co.

A symmetric sequence space (see [S] and [LT, Definition 2.a.1]) is a Banach
lattice of bounded complex sequences equipped with a norm such that

(@) || (a0y---5n,-..) [|=]| €% an(o),- s ax(n), ...} | for every permutation

7 of N and every (6y,...,0n,...) in RV,

@) )| (1,0,...,0,...) |I=1,

(iii) either E is separable or it satisfies the Fatou property, namely
(ao,...,@n,...) lies in E as soon as supy>g || (a0,---,an,0,... |[) is fi-
nite, and || (ao,...,@n,...) |=supyye || (a0,-.-an,0,..) || .

Note that if (ag,a1,...,an,...) € E and ((ag,a1,...,an,0,...))y>, is not a
Cauchy sequence in E, E has a closed subspace isomorphic to £, hence E is
separable if and only if #! is norm dense in E. If E is separable, E* is a symmetric
sequence space. If E # £, E embeds canonically in ¢o [S, Theorem 1.16]. If
E satisfies the Fatou property, E is the dual space of a separable symmetric
sequence space F, namely the norm closure of finitely supported sequences in
E*.

If E is a symmetric sequence space E(® is also a symmetric sequence space ;
E and E® are simultaneously separable or satisfy the Fatou property simulta-

neously.
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Let H be a separable Hilbert space. B(H ) denotes the space of bounded linear
operators on H, K(H) denotes the space of compact operators. Excepted in part
V, 7 denotes the usual trace.

For A € B(H)

| 4|=(4%4)!/?

and for A € K(H) (8n(A))n>0 is the sequence of eigenvalues of | A |, arranged
in non increasing order, each one being counted as many times as its multiplicity
order.

For every hermitian A € K(H) we denote by @ the hermitian projection on
ker A and P = Idy — Q. We also denote by P(A) the set of spectral projections
7 of A such that 7A~! € B(H). Note that P € P(A) if and only if the spectrum
of A€ K(H) is a finite set (in particular if H is finite dimensional). We denote
by A* the positive part of A and A~ = A* — 4 > 0. Let E # £°° be a symmetric
sequence space. The Schatten space Cg = Cg(B(H)) is the space of compact
operators A on H such that (sn(A4))n>0 lies in E, with

I Alice=ll (sa(A))n20 llE -

Cer is denoted by CP (1 < p < ). Re Cg denotes the set of hermitian elements
in Cg.

We recall that if (Py)n>1 is an increasing sequence of hermitian projections:
H — H,if P=V,,, P and if E is separable

(I.1) Ve€Cg || Pz—Ppzllce— 0 (n— +00).

Indeed (Py+1 — Pp)ap1 is a w.u.c. sequence in B(H), (Pp412 — PaZ)a>1 is a
w.u.c. sequence in C! if z € C! ; (I.1) holds true in C! because C! is weakly
complete ; as C! is norm dense in Cg (I.1) holds true in CE.

An operator B € B(H) defines a continuous linear form on Cg if VA € Cg,
< B, A >= 7(B*A) is finite. If E is separable and E # £! the dual space of Cg is
Cg- [S, Theorem 3.2}, the dual space of C! is B(H). For any symmetric sequence
space E an element £ € C}; is called positive (respectively hermitian) if it is a
positive linear form on Cg (respectively < £, 4 > is real for every A € ReCE).
The set of hermitian linear forms is denoted by Re C},. For £ € C}, we define £*
by

A< LA >,



336 F. LUST-PIQUARD Isr. J. Math.

For R € B(H) and £ € C}, we denote
Rl : Cgk-C A—-=<{,R'A>,
lR : Cg - C A< AR >.

If £ € ReCg, (RE* = LR
If E is separable, every £ € Cf, lies in B(H) and the above definitions coincide
with the usual ones for bounded operators.

II. Linear functionals supporting the unit ball of Cg atA

Definition II.1: Let X be a Banach space, A,B € X, A # 0. Let

Sa={teX*||t]=1, <£{A>=]A]},
[A+tB| - | Al
. :

GA(B) B tl—i-xtl)l+

Note that the set S4 of norm one linear functionals supporting the unit ball of
X at A/ || A || is a w* compact convex subset of X*. As the functiont —| A+tB ||
is convex and continuous on R the limit in the definition of G 4(B) actually exists.

We will study G 4(B) when X = Cg and compare S4 and S4: for A € Cp).

Note that for X = C? (1 < p < oc)and A € C?, || A jler=1, A 2 0,
Sa = {AP7!} because C? is smooth, by Clarkson-McCarthy inequalities [S,
Theorem 1.21], hence the results of this chapter are obvious for Cg = C?.

We recall the following

LEMMA I1.2: Let X be a Banach space, A,B € X, A # 0. Then

i) Ga(B) = lim LAa+¢BI-IAl _ sup Re < £,B >
t—0+ t LES,
@) Vp> 1, lim MAEBE=IAL = o) 4 |p= G4(B).

Proof: For (i) see for example [DS, chapter V.9, Theorem 5, Lemma 10].
(ii) follows from (i) by the chain rule:

. JA+tBIP AW _ . A+tBlP-JA|P
= h G
Jm, t Jm B oA cAB)

P _ P
— g YlAl
y—lAl y— | A}l

Ga(B)=p| AP~ Ga(B).

The following lemma is an easy consequence of Lemma II.2 (i) and the defini-

tions.
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LEMMA 11.3: Let E be a symmetric sequence space and A # 0, A € Cg. Let P
be the projection on (ker A)* and P+ Q = Id, let ReS4 = {Ref | €€ S4}.

(i) Let A € ReCg. Then for every £ € Sa, PLP € S4 and PEP + QLQ € Sa.
(ii) Let A € ReCE. Then £* € S4 for every £ € Sy and ReSa C Sa.

(iii) Let A € ReCg. Then ReS4 = 84 iff

VBe ReCg Ga(iB)=0 i.e. ||A+itB|=| A| +o(t).
(iv) Let A € ReCg. Then

VBe€ ReCg Gua(B)= sup <{,B>.
LERe S,

(v) Let A=U | A| be a polar decomposition of A. Then
VB € Cg Ga(B)=G4(U*B) and U*S4 = S|4
Proof: (i) Let £ € $4. Then, as A= AP = PAP
| All=<€,A>=<t,PAP + QAQ >=< P{P,A >=< P{P + Q{Q,A ><|| A ||

by [S, Theorem 1.19].
(ii) Let £ € Sa4. Then

A=<, A>=<{,A> =<{"A>

hence £* € S4 and Ref = L'zi. € S§4 by the convexity of S4.
(iii) If A,B € ReCg, GA(i1B) = G4(—iB). Hence by Lemma I1.2(i)

sup Re < £,i:B >= — inf Re < £,iB >.
£ESH LESH

Hence G4(:B) =0 iff
Vi€ Sa, Re<{,iB>=0, ie. <{B>€cR.
(iv) By Lemma I1.2(i), if B € ReCE

Ga(B) = tse‘fsp Re< {,B >= (S‘fgp <Rel,B >
A €54

= sup <¥{,B> by (ii).
lEReSA

(vV)Let A=U | A|.Then || A+tB|=|U | A| +tUU*B ||=||| A | +tU*B ||
and for every £ € S4

| All=<£{,A>=<LU|A|>=<U*%|A|>=||A]|.
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LEMMA 11.4: Let E be a symmetric sequence space such that E* has a strictly
increasing norm. Let Ay € ReCg and let @ be the projection on ker A. Let
X =QXQ € Cg. Then

| A+tX Jlos=Il Al +o(t)

and for every £ € S4, Q€Q = 0.

Proof: As||A+tX ||=||A+tX |||=|l| A |+t | X ||| for ¢ > 0 we may assume
A, X > 0. As the ranges of the hermitian operators A, X are orthogonal, the set
of eigenvalues of A + tX is the union of the set (s,(A4))n>0 of eigenvalues of A
and the set (¢5,(X))n>0 of eigenvalues of tX. Hence

I 4 +1tX llcs=Il s(4) +ts(X) |l

where s(A) and s(X) are disjointly supported positive sequences whose decreasing
rearrangement are (3,(A))n>0 and (8,(X))n>0 respectively. Let A C N be the
support of s(4). Let L € ReS,(4) C Syay C E*. Then L* and 14L* € E*
because E* is a Banach lattice and Lt belongs to S,4) because

| s(A) llz=< L, s(A) >=< L* — L™, s(A) ><< L+, s(A) ><|| s(A4) || .

14L* also belongs to S,(4). As E* has a strictly increasing norm, 1 =|| Lt ||=
|| 1Lt || implies Lt = 14L*. By Lemmas I1.2, I1.3,
Goay(s(X))= sup <L,s(X)>= sup <L% s(X)>
LERe S,(4) L€ERe S,(a)

which proves the first claim because < LY, s(X) >=< 14L*, s(X) >= 0. By the
first assertion and Lemma I1.2, for every X € Cg such that QX@Q = X

sup Re< 4, X >=0
LES,

which implies < £, X >= 0 for every £ € S4.

LEMMA I1.5: Let E be a symmetric sequence space and let A > 0, A € Cg,
A #0. Then
(i) VL€ S4, Ym € P(A), mlr > 0.
(ii) If E is separable
VeeSa, PIP>0
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where P is the projection on (ker A)*.
Proof: (i) For every B € ReCg and £ € ReS4,t € R
lA+idB|[>]|<f,A+itB>|=||A||+it< £, B>|2|| Al .
Let R € Re B(H). Then
| A +itA'?RAY? ||gp =|| AY/?(1d + itR)A'? |,
< AV2 I, ) | 1 + itR || 5oy
=l Allcs 1+ )| R|5m))"”
hence G4(iA'/?RAY/?) = 0 ; as in the proof of Lemma IL3(iii)
(IL.1) Vee Sa, <{,AY?RAV? >eR.
On the other hand, for R>0and 0 <t <|| R "I_B%H)’
| A—tAY2RAY? ||g, =|| A/*(1d - tR)AY? ||,
<A | TR s
<l Alles

hence Ga(—A'/2RA'/?) <0 ; by (IL.1) and Lemma I1.2(i),

0> sup Re < ,—A'?RA'/? >= sup — < ¢, AV/?RA? >
LES, LES,

hence for every £ € S4, < £,A"2RAY? >> 0. Let now = € P(A). Every B €
ReCg such that B = #B7 can be written as

B=AY*(A"127BrA™Y?)AY? and R=A"'?zBrA~'/? € Re B(H).

This proves the claim. (ii) is a consequence of (i) and (I.1).

LEMMA 11.6: Let E be a symmetric sequence space and let A # 0, A € Cg,
Be CE(’)' Then

(i) 2|| AllGa(B) = Ga-a(AB + B* A).
(ii) sup || A||Re<¢,B>= sup Re<Al(B>.
lGSA LERe SA.A
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A A
it Sa=1——ReSpes=—-54-4.
) 4T AT AT Tay e

(iv) Let A € ReCpgqy, P be the projection on (ker A)*. Then

Vec S, £=PLP.
Proof: (i) Fort € R,

| A+tB ||20Em=|| (A*+tB*)(A+tB) |lcy=|| A*A+t(A*B+B*A)+t*B*B ||c;, -

The claim follows from Lemma II.2(ii).
(ii) The claim follows from (i) and Lemmas I1.2(i), IL.3(ii) because
Ga*a(A'B+B*A)= sup Re<{,A'B+ B*A>
€S e

= sup <{A'B+B*A>
tEReSA.A

=2 sup Re</{,A*B>
LERe S e 4

=2 sup Re< A{,B>.
LERe Sy» 4

(iii) By the definitions and Lemma IL.3(ii)

rﬁ—“ReSA'A C W{:_HSA‘A C 84.
All these sets are bounded, w*-closed and convex in the dual space of Cg.
By (ii) the polar sets of mReSAn a and S4 are the same in Cge) ; by the
bipolar theorem S4 lies in the closed convex hull of ﬁRe Sa+a and {0}, hence
Sa= payReSasa.
(iv) (i) implies £ = PZ for every £ € S4 ; by Lemma IL.3(ii) £* € S4 hence
£* = P£*, £ = £P, which proves the claim.

Though the next results are not used in the proof of Theorem 0 we think they

are interesting in themselves.

PROPOSITION I1.7: Let E be a separable symmetric sequence space, let A # 0,
A € ReCg. Let P be the projection on (ker A)* and P+ Q = Id. Then for every
£ € Sy,

(i) £= PLP + QIQ ;
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(ii) if E* has a strictly increasing norm £ = P{P.

If A > 0 or more generally if A = A* — A~ where the spectra of A*, A~ have

at most {0} in common

(iii) PLP € ReSy

(iv) Al =(A.
Proof: Note that S4 C Cf C B(H). (i) implies (ii) by Lemma I1.4.

(a) If (i) holds true for A > 0, it also holds for A € ReCE : indeed for
A € ReCg let A = U | A | be a polar decomposition. Then U € ReCp,
U and | A | commute in B(H) hence U commutes with the projection P on
(ker A)L = (ker | A |)*, by [R, Theorem 12.22]. By Lemma IL1.3(v), S4 = US| 4.
As (i) holds true for every £ € S|4 it also holds true for every £ € Sa.

(b) We now prove (iii), (iv), (i) for A>0:let A >0, £ € Sa, then PLP € §4
by Lemma IL1.3(i) and P¢P > 0 by Lemma II.5 which implies (iii). As A > 0,
AY? € Cpy; for every £ € Sa, AY/2L € §41/2; note that 8412 C Cy,y C B(H).
By Lemma I1.6(iv) applied to A!/2, PA/2¢P = A'/2¢, and by Lemma IL5 applied
to A2 PAY2¢P > 0. In particular A'/%2¢ = £A'/? which implies (iv). A and
£ commute in B(H) hence £ commutes with P and Q, P£Q = Q¢P = 0, which
implies (i).

(c) It remains to prove (iii) and (iv) when the spectra of A*, A~ have at most
{0} in common. Let A=U | A|. Then U = ¢(| A |) where ¢ is a measurable
function on the spectrum of | A |, with values in {41, ~1}. As (iv) holds true for
| A [ every £' € iy satisfies | A | €' =¢' | A | hence Ul = £'U by [R, 12.24]. As
(iii) holds true for | A |, P¢'P € ReS4). By Lemma IL3(v) every £ € 54 can be
written as £ = Ul', £' € S}4. As

PUUP =P{UP =P{'PU=UP{P
(iii) is proved for A. As
A=U|A|Ul=U|A|CU=ULl|A|U=!tA
(iv) is proved for A.

Remark I1.8: Assertions (iii) and (iv) in the above proposition cannot be ex-
tended to all A € ReCg for E = E® = ¢ : let H = £, C® = C®(B(&));

let -
=0 5).
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A€ReC™® and || A [|g== 1.

e=1/2(i j)=1/2<(1] _01)+1/2i<fz. (’))

. 1 -1
ce1n( 2, 7).
I €llcr=1, £ € Sa, £ & ReSa, AL # LA

Also note that, for
{0 -1
5-(5 %)

| A+itB P= (1 + *)ld + 2it (0 ‘1) ,

Let

Then

1 0
VteR, ||A+itB||Ze=1+2]|t]+t2#1+0(2)

which is not surprising in view of Lemma II.3(iii). This last example was consid-

ered in [GTJ, p. 184).

PROPOSITION 11.9: Let E be a separable symmetric sequence space. Let 1 <
p<oo.Let A>0,A€Cgyy, A#0. Then

4 1!
S = (—) S P.
A7 \I4]] 4

Proof: For p = 2, Lemma IL.6(ii) implies the result. We now assume
Il A llc,,, = 1. Obviously AP7'S4» C Sa hence by the Hahn-Banach theorem
we only have to prove that for every B € Cg)

(I1.1) sup Re<{,B>= sup Re<{B>.
LESA LEAP-184p
By Lemma, I1.5 and Proposition I1.7, every £ € 84 satisfies (i) £ = P¢P, (ii) £ > 0,
(iii) A€ = LA, where P is the projection on (ker A)L.
Let A = 3,54 A;Pj where the A;’s are the distinct eigenvalues of A, counted
according to their decreasing order for j > 1, Ag = 0, and the P;’s are the

orthogonal projections on the corresponding eigenspaces. Then for £ € S4, B €

CE(») )

Re <£,B>=<{,ReB >=<¢) PReBP;>=<{,) PjReBP;>
20 i>1
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because £P; = P;¢ (j > 0).
. N
As E® is separable | 3;5, PjReBP; — Y, P;Re BP; |lc,_,,— 0 (N —
+00) by (I.1). Hence it is enough to prove (II.1) for B € Re Cg() such that
AB = BA and | A7!B ||g(s) is finite. Let 0 < ¢y < 1 be such that

t/* | A7'B |lpan<1 ; YO<t<ty, A+tB20.

(The problem is actually to show that S4 = AP~'S4» in E*.) Let
A+uf =) aut  (Jul<1).
k>0
For0<¢ S to,
| A+tB [P= (A+tB)? = AP(Id+tA™'B)? = AP+tpAP'B+ AP Y at*(A7'B)*
k>2
hence

i WA+1B Plloy = Il 42 iy | A? + 4B oy — || 42 lics

=lim|

t—0+ t t—0+ t
r _ P
L NArIE 1Al
t—0+ t

By Lemma I1.2, pG 4(B) = pG a»(A?~! B), which proves (I1.1) for such a B.

Comments on Part II:

(1) It has been shown in the proof of Lemma IL.5 that for every A > 0in CEg, every
7 € P(A) and every £ € S4, 7fr € Re C'g. Lemma I1.6(iii) gives another proof of
this fact: indeed A'/2 € Cg), A'/%€ € S,41/2 hence there exists £; € Re Sy such
that A/2¢ = A'/24y; it implies 7€ = 74y, Tén = wéy7 and 7éi7 € Re C}.

By Proposition I1.7, it follows that £ € Re C%, if E is separable and p-convex
for a p > 1. By Lemma IL.3(ii1) and [TJ ] the separability assumption on E is not
necessary: N. Tomczak proves that if E is p-convex (p > 1), A >0, A,B € ReCg

I Allg<Il A+itB g <l Al +2° [t [P B |17,
in particular
| A+itB 5, =) A I, +o(t)
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(2) Let E be separable, let A > 0 in Cg(z). Then Lemmas IL5, I1.6(iii) and the
Cauchy-Schwarz inequality imply that for every £ € Sy,

VB € ReCgry, |<€,B>|<<¢,B*>!/?

where £ = A, ¢! € S42. This implies Theorem 0 for the linear form T = ¢ ;
CE(z) — C.

III. The study of || A+itB ||c_,, around t =0 up to the second order
and the set I(A)

We now study || A +itB ||c,,, around t = 0 up to the second order for A > 0
and B hermitian.

Note first that for A € ReCg and every X € Cg such that X = QXQ (@
being the projection on ker A)

| A+itX [, =]l 42 + £X? |lo, .

We now consider operators B in ReCg such that @QB@Q = 0. In view of the

following key result we will consider operators B with a special form.

LEMMA II1.1: Let E be a symmetric sequence space, A € Re Cg, R € Re B(H).
Then for t € R,

@) Il 4 llce=Il A+ it(AR+ RA) — 1(RAR + BALAR) |0 1o(s?).

(i) | A+it(AR + RA) |lco=|| A+ t*(RAR + BEATARYy o 4 o(42)

Proof: This is an obvious consequence of the fact that
Il Allcs=l i Dl llces

| A+ it(AR + RA) |lcp=|l e "*R(A + it(AR + RA))e™ "R ||,

and )
|| e*F — (1d + itR — 532) | Beany= o(t*).

Hence it is natural to consider operators B = AR + RA. Using the results of
part II we get the following technical lemma :
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LEMMA I11.2: Let E be a symmetric sequence space and let A > 0 € Cg). Let
£ € ReS4 and let! = Al' where £' = P{'P € Re S4: as in lemma I1.6. Then for
every R € Re B(H) and every = € P(A)

2 2
< mén,RAR + —R—A—;ﬁ}—z—— ><< ml'n,(AR + RA)? > .

This lemma is obvious in the C?P case where S4 = {A?P71}, Sy2 = {A?P72)
for A>0, || Allc»=1.

Proof: Lemma II.6 implies the existence of £' ; as £ € ReS4, Al = £'A (as
linear forms on Cgz)) and £ = PLP. For « € P(A),

< nl'r,(AR+ RA? > =< nf'mr, ARAR + RARA + AR®A + RA’R >
R%2A + AR? S

=2 < wln,RAR > + < ninm, >

+ < wl'm,RA’R > .

As A > 0, P(A) = P(A?) and by lemma IL5, nér > 0, 7f'7t > 0. Hence
< mén,RAR >> 0 and < nf'wr, RA’R >> 0, which proves the claim.

The above lemmas motivate the following definitions :

Definition IIL.3: Let E be a symmetric sequence space and let A € Re Cg. Let
I(A)={AR+ RA|R € Re B(H)} C ReCg.
For any projection p commuting with A
I(A,p) ={B € I(A) | B=pBp} ={AR+ RA| R € Re B(H), R = pRp}.

These subsets are reasonably big in Re Cg, under suitable conditions on A :

LeEMMA II1.4: Let E be a symmetric sequence space. Let A € ReCg be such
that the spectra of AY, A~ have at most {0} in common. Then
(i) if the spectrum of A is a finite set

ReCg = I(A) ® Q(ReCg)Q,
(i) for every m € P(A)

(7 + Q)Re Cp(r + Q) = I(4,7 + Q) & Q(Re CE)Q,
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(iii) if E is separable (respectively if E = F* where F is separable)

{ U I(A,1r+Q}@Q(ReCE)Q and I(A)® Q(ReCEg)Q

rEP(A)
are norm dense (respectively o(Cg,CF) dense) in Re Cg.
Proof: (i) is a consequence of (ii) for 7 = P.
(ii) Let A = 37,59 A; P;j where the A;’s are the distinct eigenvalues of 4, the P;’s
are the pairwise orthogonal eigenprojections of A, with Py = @, i>1 P;=P;
for j > 1 the A;’s are counted according to the decreasing order of the | Aj |’s.
For every m € P(A) there exists n > 1 such that

7 < i Pj.
=1

Let B € Re Cg be such that

B=(r+Q)B(r+Q)= (Z P,-) B (znjp,-) =YY PBP;

j=o =0 0<i, j<n

The assumption on A implies A; + A; # 0 excepted if : = j = 0. Hence
B=AR+ RA+QBQ

where
R= YTYX (M+X)'RBP

0<43<n

(4,7) #(0,0)
hence R = (7 + Q)R(7 + Q).
(iii) Let (mn)n>1 be an increasing sequence in P(A) such that P =\/ 7,. Then
by (I.1) U, {(7n + Q)Re Ce(rn + Q)} is norm dense in Cg if E is separable
(respectively o(Cg,CF) dense if E = F* and F is separable). Hence (ii) implies
(iii).

We will use the technical Lemma II1.2 in the proof of Theorem 0. However

the following proposition is more significant and will give a more natural proof

in the smooth case (see Lemma IV.3) :
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ProposSITION I11.5: Let E be a symmetric sequence space and let A > 0 € Cg)
be such that the spectrum of A is a finite set. Then

VB € ReCpa, || A+itB |G, <I| A* +2t*B? |lcg +o(t?).

Proof: Let B € ReCpg:). By Lemma II1.4(i), B = AR+ RA+ X where R €
ReB(H) and X = QXQ € ReCg(z). As in Lemma II1.1 we get
| A+itBIE

= || A+ it(AR + RA) +itX ||§;E @

= e**(A +it(AR+ RA) +itX)e " |G

R2A+ AR?

— ) &) +olt®)

R’A+ AR?
2

=|| A+itX + *(RX + XR+ RAR +

= || A +t*(X* + 2Re A(RX + XR+ RAR +
= ” A? ”CE

2 2
+t* sup Re<¢,X?+24(RX +XR+ RAR+ E—A—;ﬁ
t'cEReS

+o(?)
= AlE_, +o(t).

By Lemma I1.3, ReSq4 = S4 ; as Al' € S4 for £/ € ReS,: we get Al = ('A =
PA{' P for £/ € ReS 42, in particular

) llce +o(t?)

) >

<V, A(RX +XR)>=0

and by Lemma IIL.2 applied to 7 = P € P(A4) and £ = Al
| A+itB %,

<)l A% |lcg +t° sup < €,X*+2P(RA+ AR)*P > +o(t?)
L'ERe S,

=|| A% |lcg +t* sup < PCP+QLQ,X?+2(RA+ AR)® > +o(t?)
L'EReS 2

< A% |lcg +2t° sup < PCP+QUQ, X% +(RA+ AR)? > +o(t?)

’GReSAz

=|| A? |lcg +2t* sup < PUP+QUQ,(RA+ AR+ X)? > +o(t?)
£'€Re S,

<Il 4% +2* B |lc;, +o(t?)
because, by Lemma I1.3, for every £ € ReS 42, P{'P and PP+ Q¢'Q € Re S 2.
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Remark II1.6: The factor 2 in proposition IIL.5 is the best possible, as it is shown
by the following example [GTJ]: let

({1 0\ _ ,2_ _ (0 b
A_<0 0)—A =P, B—(I_; 0).

1+ |b*  ith
—ith b

Then
|A+itB|* = (

| A+itB ||t =%+t2 |52 +% 1+482 |02 =142t |b[? +o(t?),

I| A2 +262B% jjceo =1+ 2t% | B 2.

Note that B = AB+BA ; Sa4 = S4: = {A} = {P}. With the notation of Lemma
II1.2

0 o

= = 2p
B =R, RAR—RAR—(0 152

) , <f£,RAR >=< A,RAR >=10,

< ¥ ,RA’R >=< A,RAR >=0.

Comments on Part III:

(1) In the finite dimensional case apother proof of Proposition IIL.5 (or a variant
of it for | A+ itB —t*C ||c ) C € Cp) goes as follows (this was our original
proof): let A € ReCEg, let M(t) =| A + itB |>= A? + it(AB — BA) + t*B?;

by perturbation theory [K, Chapter IL.6] the eigenvalues (A,(t));-;{,v =1 of the
hermitian operator M(t) (¢ € R) are analytic around ¢t = 0 and there exists an
analytic determination of a basis of orthonormal eigenvectors (v, (t))IY_O around

t = 0. This does not imply that the decreasing rearrangement (s,(t));;(l,v 1 of
(A ,(t))jzoN ~! is analytic around t = 0, a counterexample can be found in Remark

I1.8, where s¢(t) is not analytic.
We denote by (A;)N =0 ! the eigenvalues of A.

The equation
M(t)o;(t) = A;j(t)v;(t)
allows the computation of an order 2 expansion of A;(t) around ¢ = 0. For A > 0,

using the fact that v;(0) is both an eigenvector for (4%,1;(0) = A%) and for
(A, ;) one gets A;(t) = A;(0) + bt% + o(t?). Using the fact that
Ai — A

1< 2T <
1/\/\1
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for distinct eigenvalues A;, A; of A and the computation of b one gets
0 < Aj(t) << AT +2t2B? | v;(0) ® v;(0) > +o(t?).

Hencefor0 <n< N-1

i:sj(t) =Y X(t) < ) < A% + 2 B%,05(0) ® v;(0) > +o(t?)

0 j€J: JEL

where J; C {0,...,N — 1} and cardinal J; = n + 1. Hence for every € > 0

n n n
3 8i(1) <Y si(AT +262B%) +o(F) <3 55(A7 + 22 B? + £2ld)
(1} 0 0

for t small enough, and by standard arguments [S, Theorem 1.9]
I A+itB Plics<|| A* + 2t°B lop +o(t?).

(2) In view of Proposition III.5 and Tomczak inequality (2) [TJ, Proposition 1]
the following question is natural: does there exists a constant K > 2 such that
for A>0,A,B ¢ ReCppy

I A+:B &, <l A* + KB® |ic; ?

We can give a positive answer in C* = K(H) and in C* with K = 2, in C® with
K =15 (K =2if B > 0). We sketch the proofs. In C* we must prove

so(A? +i(AB — BA) + B?) < sp(A? + 2B2).

By the proof of [TJ, Proposition 1] it is enough to prove it for H = 2 hence for

(M0
A_<0 h), 0< A2 < A

In this case the above eigenvalues can be exactly compuied, the comparison is

not so easy but it can be done.

In C* we get (7 denotes the usual trace)

| A+3B Jlbu= r((4* + B*)?) + 20(4*B?) — 27((AB)?).
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As A>0
7((AB)?) = 7(AY*BABA'/?) > 0,

hence
| A+iB [|&.< 7((A? + B?)?) + 2r((4% + B*)B?) + 7(B*) =|| A* + 2B? || .

The computation in C® is more complicated but follows the same idea. It uses
the fact that for C = A}Y/2BA'/?,

0 <|| AC — CA ||}=2(]| A**BA'? ||z — | ABA ||3)

hence

—r(A*(AB - BAY") =|| A(AB - BA)

=|| 4’B || + || ABA || -2 || 4°/*BAY? |§< (4" B?).

IV. The factorization theorem for operators: Cg) —H

‘H denotes a Hilbert space.

Definition IV.1: Let E be a symmetric sequence space and let T': Cgey = H
be a bounded linear operator. T is K-factorizable if there exists a bounded linear
form f on Cg such that || f ||=1 and

VeeCpo |1 T() IS KT < f, 2425 5102,

Note that f is necessarily a positive linear form. The aim of this part is to prove

Theorem 0 which we rewrite as follows :

THEOREM IV.2: Let E be a symmetric sequence space such that E* has a strictly
increasing norm. Then every bounded linear operator T: Cge) — H is 2/2

factorizable.

We first give the core of the proof, in the finite dimensional case (Corollary
IV.4). The reduction steps are standard and will be given afterwards in Lemmas
V.6, IV.7.
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LEMMA IV.3: Let E be a symmetric sequence space such that E* has a strictly
increasing norm. Let T: Cga) — H be a norm one operator attaining its norm
at A2 0, | A llc = 1. Let P be the projection on (ker A)*, P+ Q = Id.
Then
(i) For every X € ReCgq) such that X = QXQ, T(X) = 0.
(i) Let £ € ReS42 be such that £ = PU'P and Al' = Re T*T(A), which
is possible by lemma II.6. Then for every # € P(A) and for every B €
I(A,7+ Q)

(Iv.1) I T(B) ’P<2<¢,B%>.
(iii) If the spectrum of A is a finite set or if E is separable, (IV.1) holds true
for every B € Re Cg(z).
Proof: Note that
1 =|| T(A) |*=< T*T(4), A >=< ReT*T(A),A >
hence ReT*T(A) € ReS4. Let B € Re Cg(2) and let € be a random variable such
that P(e = +1) = P(e = —1) = 1/2. Then

| T(A) |* +¢ || T(B) |I’= E || T(A) + €itT(B) ||*
(Iv.2) { <E|A+eaBlk , = A+iB|, .

We first mention a transparent proof of (iii) when E is smooth and the spectrum
of A > 0 is a finite set: by Proposition IIL5, for B € Re Cg)

Il A+itB g, <IA®+262B% |lcg +o(t?)

=1+2t* < ', B% > 4o(t?)

where ReS 42 = S42 = {£'} by the smoothness assumption on E (by [A)], CF is
smooth if and only if E is smooth).
As || T(A) ||*=1, (IV.2) implies || T(B) ||?’<2< ¢',B* > .

We now give a general proof when E is not assumed to be smooth.

(i) Let X = QXQ € ReCg(z). By Lemma I1.4,
I A+itX &, =Il 4 +t2X? ||cp=1+ o(t’)

hence (IV.2) implies T(X) = 0.
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(ii) Let B = AR+ RA € I(A), and let
R2A + AR?

S=RAR+ 5

By Lemma IIL1,
| A—1t2S +it(AR + RA) "2%(:) =1+ o(t?)
hence by (IV.2) applied to A — t2S and AR + RA
| T(A = £2S) ||? +£* | T(AR + RA) |*< 1 + o(t?)
| T(A) ||* —2t*Re < T(A), T(S) > +2 || T(AR + RA) ||* +o(t?) < 1+ o(t?)
| T(AR + RA) |*< 2Re < T*T(A), S >=2 < ReT*T(A),S > .
By Lemma II1.2 applied to £ = Re T*T(A) € ReSa
| T(AR + RA) |?< 2 < £,(AR + RA)* >

for every AR+RA € I(A,7+Q) and every 7 € P(A). (Note that (7+Q)(v+Q) =
mlm).

(iii) Lemma II1.4 and (i), (ii) imply (IV.1) for every B € Re Cg() such that
B = (7 + Q)B(r + Q) for a # € P(A). This ends the proof if P € P(A), i.e. if
the spectrum of A is a finite set. If E is separable, by Lemma III.4 again, (IV.1)
holds true for a norm dense subset of Re C'g(2) hence for every B € ReCg) :
indeed

| B* - B} llcs <|| B* = BB licz + || BBn — B, lics

< (I B llcge + I Ballcys ) I B = Ba llo,e
by [S, Theorem 2.8], hence || B2 — B2 ||c,— 0if || B— B, ||c

E(2)

(IV.3)

— 0 (n — o0).

COROLLARY IV.4: Let E be a symmetric sequence space such that E* has a
strictly increasing norm. For n > 1, let H, be a Hilbert space with dimension
n. Let T: Cp@(B(H,)) = M be a bounded linear operator. Then T is 2v/2-

factorizable.

Proof: We may assume || T ||= 1. As Cg@(B(Hy)) is finite dimensional T
attains its norm at 4, || 4 |lc_,,= 1 and the spectrum of 4 is a finite set, hence
Lemma IV.3 and the subsequent Lemma IV.5 imply the claim.

By Lemma IV.3 the statement of the corollary still holds true for an infinite
dimensional separable Hilbert space H if E is separable and E(® reflexive, which
implies that Cp)(B(H)) is reflexive.
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LeEMMA IV.5 ([H, Appendix]): Let E be a symmetric sequence space and let
K > 0. Let T: Cge — H be a bounded linear operator which attains its norm
at A€ Cga), || A||l=1. Let A =U, | A | be a polar decomposition of A. We
assume that there exists f € C} with || f |=1 such that

Vz € ReCgey, || T(Uoz) S K| T < f,22 >/2.
Then the operator z — T(Uoz) is v/2K -factorizable and T is 2K factorizable.
Proof: Let y € Cg(2), then y = Rey ++Imy and
(Rey)® + (Imy)? = 1/2(y"y + yy*).
By assumption
Il T(Uoy) || <l T(UoRey) || + || T(UoImy) ||
< V(I T(UsRey) | + || T(Uslmy) |I*)'/2
< VK | T |l< £, LUEW s

Let z € Cg), hence z = Upy where y = Uz, and

1) | < VK | Tl L2 oog y oo 510
¢ Tzt )
<2K||T|< , /
ITI< 7o 2
where
o= f-l-UofUJ‘

2
LEMMA IV.6: Let E be a symmetric sequence space. The set of K-factorizable

operators: Cg2) — H with norm less than one is closed for the topology of strong
convergence.

Proof: Let (Ta) be a net of operators: Cgi — H, strongly converging to T,
such that || T ||=1, || Ta ||< 1 and such that there exists (f,), satisfying

Ol fallez=1;
(ii) Ya, Vz € Cgea, || Ta(2) S K || Ta [I< fa, =542 5172,
Let f be a w*-limit of (f4). Then

'z + rz* S1/2

| T(z) |=lim || Ta(z) I< K < f,
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LEMMA IV.7: Let E be a symmetric sequence space. Then every norm one
operator T : Cg — 'H lies in the strong closure of the set Fg of operators t :
Cg — H of norm less than one for which there exists a hermitian projection
P: H — H with finite dimensional range H,, such that

Ve € Cg, t(z)=1t(PzP).

Such a t € Fg can be identified with an operator: Cg(B(H,)) — H.

Proof: Let (Pn)a>1 be an increasing sequence of hermitian projections: H — H
with finite dimensional ranges such that \/, P, = Idy. Forevery T: Cg —» 'H
let T, be defined by

Ve € Cg, Tn(z)=T(PnzPy).

If E is separable || £ — PozPy, ||cg— 0 (n — +00) for every z € Cg by (I.1)
hence (T )n>1 strongly converges to T, and || Ty, |[<|| T' || -

If E is not separable, E = F* where F is a separable symmetric sequence space,
and Cg = C§. The space B(Cy — H) of bounded linear operators: Cp — H
is the dual space of the projective tensor product C3@H and the bidual of the
space C r&H of compact operators: Cy — H. Hence the unit ball of B(Cy — H)
is the w*-closure (and the strong closure) of the unit ball of Cpé)’H. The last unit
ball is the norm closure of norm less than one operators t : Cg — H such that
t*: M — CF has a finite dimensional range. For such a t there exist finite

sequences (2;)i<k € Cr and (e;)i<k € H such that
k
Vz e Cg, tz)= Z < zi, T > €.
i=1

As F is separable, || z; — Pp2iPy ||c;— 0 (n — o0, i < k) by (I.1), hence

It —te lB(Cs—m— 0 (n— o0).
Hence the unit ball of C pé'H is the norm closure of its intersection with Fg,
which ends the proof.

As we already mentioned, Corollary IV.4, Lemmas IV.6 and IV.7 imply The-
orem IV.2.
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Comments on Part IV:

In the statement of Theorem IV.2 the Hilbert space H can be replaced by any
Banach space X whose modulus of uniform convexity satisfies §x(e) > Keé?
(e > 0), if moreover Cgi or X* has the A\-bounded approximation property.
The factorization constant then depends on K and A. The first assumption on X
implies that X is reflexive [LT, Proposition 1.e.3]. The approximation property
assumption ensures the validity of Lemma IV.7 with X instead of H [DU}. By
the assumption on X,

Vo,y€X, lz|P+K'|yI’<Ellz+ey]

where K' is a constant depending on K [B, part V, Chap. 1.3, Lemma 2]. This
implies an obvious modification in (IV.2), namely || T(4) || +K't? || T(B) |*<
E || T(A) + €itT(B) ||? and the rest of the proof of Lemma IV.3 is the same.

However as X has cotype 2 [LT, Theorem 1.e.16] this generalized statement is
also a consequence of Theorem IV.2, of [P2, Theorem 4.1] and of {TJ, Theorem 1}:
indeed E(® has a dual or predual space which is a 2-concave symmetric sequence
space, hence by [TJ] C},, has cotype 2 ; by [P2] every T: Cgw — X, with a
finite dimensional range, factors through a Hilbert space.

V. Generalization to Lg(M,T) spaces
The aim of this part is to prove Theorem V.5 below which is a version of Theorem
0 for Lg(M, ) spaces.

We first give definitions and properties of Lg(M, 1) spaces. Then we give the
analogues of the main results of parts II and III: most proofs can be transcribed,
except for Lemma II1.4 (see Lemma V.4). Then we state Theorem V.5 and prove

it in a particular case, we end by reducing the general case to this particular one.

Definition V.0: Let = [0,1] or [0, co[ equipped with the o-algebra of Borel sets
and the Lebesgue measure. A symmetric function space F is a Banach lattice of
functions on 2 such that

L*[0,1] c E c L}[0,1] if Q=10,1],
L*°[0, 00] N L0, 00[C E C L™[0, 00[+L*[0, 0] if £ = [0, 00,

and such that equidistributed functions have the same norm in E. Moreover it is

assumed either that E is s-order continuous or E has the Fatou property, i.e.

(1)  fulfas; suwp|fule<oco=fe€E, I flle=lim | fallz -
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Note that E and E(® are simultaneously symmetric function spaces ; they are
o-order continuous or have the Fatou property simultaneously.

This setting is the analogue of symmetric sequence spaces (a symmetric se-
quence space is separable if and only if it is o-order continuous). However a
symmetric function space with the Fatou property is not a dual space in general
(e.g. E = L!) (though this is true for a symmetric sequence space) ; if moreover
E is p-convex (p > 1) E is a dual space (see Lemma V.6).

Also note that if E is g-order continuous E* is a symmetric function space
[LT, p. 29].

Definition V.0 is slightly more restrictive than the definition of a rearrangement
invariant space in [LT, Definition 2al]. By the discussion in [LT, p. 118] the two
definitions agree on [0, 1] and Definition V.0 only excludes the case where E is a r.
i. space on [0, oo[ which is not isomorphic to L*[0, oo[ though 1jo,)E = L*[0 1]
isomorphically.

In this chapter (M, 7) will be a semifinite von Neumann algebra M of operators
on a Hilbert space H, equipped with a faithful semi-finite normal trace 7 on
M ([T, V.2, Definition 2.1 and Theorem 2.15]). Let M denote the space of
measurable operators on H with respect to (M, 7), i.e. (see e.g. [FK, Definition
1.2]) the space of densely defined closed operators A affiliated with M such that

T(€a4o0)) 20 a8 A— oo

where € is the spectral measure of | A | . Note that M is the closure of M with re-
spect to the measure topology (for which a fundamental system of neighborhoods
of 0 is, for ¢,6 > 0,

Vi) ={AeM|3P=P*eM || AP|u<e 7(Id—P)<é}).

Let A € M. The s** singular number of A is (see e.g. [FK, Definition 2.1,
Proposition 2.2, Lemma 2.5)

po(A) = inf{]| AP ||| P = P?, r([d-P)<s}, s>0

hence p,(A) = ps(A*) = po(| A|). If A > 0 and € denotes the spectral measure
of A,
ps(A) = inf{z 2 0| 7(£(z,00) < 8}

We denote by u(A) the function 0, c0[— R, s — u,(A).
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Definition V.1: Let E be a symmetric function space and let (M, 1) be as above.
The symmetric space Lg(M, ) is the space of operators A € M such that u(A)
lies in E and

I Allzemn=I #(4) e -

Lg(M,7) is a Banach space (see e.g. [X1]).

Note that if M = B(H), if 7 is the usual trace then M = M ; if moreover E is
a symmetric sequence space Lg(M,T) = Cg. Also note that Ly~ (M,7) = M ;
Li»(M,T) is denoted by LP(M,7) for 1 < p < oo.

An operator A € M has a r-finite support if 7(P) < +oco where P is the
support projection of A, i.e. the smallest projection P such that AP = A.

If 7(Id) = a < oo, then for every A € M, u(A) is a function on [0, a]. Then

M c Lg(M, 1) c L' (M,T)
hence Lg(M, 1) is norm dense in L!(M, 7). In general
MnLY(M,7)C Lg(M,7) C M + L*(M, 7).

If E is -order continuous, then M NL!(M, 7) is norm dense in Lg(M, 7) by [X1,
Lemma 4.5]. If moreover 7(Id) is finite, M is norm dense in Lg(M, 7).

Hermitian and positive operators are well defined in M, hence in Lg(M, 7).
Hermitian and positive bounded linear forms on L g(M, 7) are defined by duality;
if £ € Ly(M,7) and R € M, Rl and ¢R are also defined by duality as in the Cg
case. If A € M has a r finite support it defines a bounded linear form on
LE(M s T) by

VB € Lg(M,r), < A,B>=r1(A*B).

Let E be a o-order continuous symmetric function space ; we know that E* is
a symmetric function space. It is not known in general if Lg.(M,7) is the dual
space of Lg(M, 7). This is true if 7(Id) is finite by [X3, Lemma 1].

The following lemma gives the analogue of (I.1):

LEMMA V.2: Let E be a symmetric function space, let (M, 1) be such that t(Id)

is finite. Let (Pn)n>1 be an increasing sequence of hermitian projections in M
and let P =\/, 5, Pn. Then

(a) X E is o-order continuous

Vz € Lg(M,7), || Pz —Puz||1z—0 (n— +00).
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(b) K F is a o-order continuous symmetric function space and E = F*,

Vz € Lg(M,7), Pzx— P,za———0 for o(Lg,Lp).
n — 400

Proof: (a) The claim is proved in ([X3], Lemma 2) for £ = Id, i.e. || P=P, ||1,—
0. Hence it is proved for z € M because

VzeM, || Pz—Poz|re<llzllmll P-PnllLe -

As E is g-order continuous and 7(Id) < +oco0, M is norm dense in Lg(M,T),

which implies the claim because

| Pa =]l P |lm= 1.

(b) is proved by duality from (a) because Lg(M,7) = L%(M, ).
Definition V.3: Let A € Re M. We denote by P(A) the set of hermitian projec-

tions m = E(B) where £ is the spectral measure of A and B is any Borel subset
of R, such that A and mnA~! lie in M. Let P be the support projection of A,
P+Q=1Id

Note that P = V{r | » € P(4)}.

We recall that A7 = A ([R, Theorem 13.33}).

The following lemma extends Lemma II1.4. I(A) and I(A, p) are defined as in
Definition II1.3, Lg(M, ) replacing Cg and M replacing B(H). We refer to [R,
Theorems 13.30 and 13.24)] for the symbolic calculus.

LEMMA V.4: Let E be a symmetric function space, 7 a finite trace on M. Let
A € Re Lg(M, ) be positive (or more generally be such that A=U | A | where
U = ¢(| A)), ¢ being a continuous function on the spectrum of | A |,with values
in {+1,~-1}). Then

(i) for every m € P(A), I(A,n + Q) is norm dense (for the Lg norm) in

{Be ReM|QBQ =0, (1 +Q)B(x + Q) = B}.

(ii) I E is o-order continuous {{Jyep(a) I(4,7 + Q)} ® QRe LgQ and (A e
QRe LgQ are norm dense in Re Lg.

Proof: (i) Let Xg be the closure of Re M in the Lg norm. We denote by X}, the

set of continuous R-linear forms on the real space Xg. Let £ € Xi be such that

1) QEQ=0; (2) (+Q)(r+Q)=¢; (3) YR€ReM < £, AR+RA>=0.
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We must show that £ = 0.
As (m + Q)A € Re M, (2) and (3) imply

VReReM, <{,AR+ RA>=<(nA) +{(A7),R>=0
hence in X,
(V1) TAL+ AT =0

which implies
TAYM =LA’

because mA(rAl) = —rA({An) = (—w AL)Ar = ((An)An. The assumption on A
implies that 74 = g(wA?) where g is a continuous function on the spectrum of
mwAZ?. As every coniinuous function on a bounded closed subset of R is a uniform

limit of polynomials, 74 is the norm limit in M of a sequence of polynomials

Po(nA?). Hence Po(rA?)E = £P,(rA?) and
v2) nAl = trA = LA,
By (V.1) and (V.2),
(V.3) mAl=0=(Am.
As A7'r € Re M, (V.3) implies

1=0=4{x

hence by (1) and (2), £=0.

(ii) As E is o-order continuous and 7 is finite, X g is the whole of Re Lg(M, 7)
and by lemma V.2, U,ep(a)(7 + Q) XE(7 + Q) is norm dense in Xg. Hence (i)
implies (ii).

Let us observe that Lemmas IIL.1, II.4, II1.6 remain valid in the setting of
Lg(M,7) spaces. The same proof as in Lemma IL5 shows that for A > 0 €
Lg(M,T)

(V4) VL€ S4, Vr € P(A), VB> 0, BEM, <mlr,B>>0.

We want to prove
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THEOREM V.5: Let E be a p-convex symmetric function space (1 < p < o0).
Then every bounded linear operator T : Ly (M,T) — H is 2v/2-factorizable.

We recall that, if E is p-convex, the norm of E* is strictly increasing,.

If E (hence E?®) is o-order continuous, if 7 is finite, and if Lgx)(M,7) is
reflexive, then the same proof as in Corollary IV.4 implies Theorem V.5. But
we cannot reduce Theorem V.5 to this particular case as we did for Cg spaces.
Actually we will reduce Theorem V.5 to the particular case where 7 is finite, E
and E® are the dual spaces of the o-order continuous function spaces E, and
E.(:z) and T*: H — M is compact. We first prove Theorem V.5 in this case. We
need a technical lemma:

LEMMA V.6: Let 7 be a finite trace on M. We assume that E and E‘?) are the
dual spaces of the o-order continuous symmetric function spaces E, and E,ﬁz).
Let A > 0 € Lg@a)(M,7), let (mn)n>1 € P(A) be an increasing sequence such
that P = \/,, my is the support projection of A. Let £ € ReS4 such that £ € M.
Then £ > 0 and there exists £' € Re S 42 such that

(a) £= Al ;

(b) Vn 21 wpllm, € Lg,(M,T)

(¢) ¢ =lim, mpl'm, for o(Ly, LE)

(d) ¢ >0.

Proof: As r is finite, Lg is the dual space of Lg, and L) is the dual space of

L .
E;
Asfe€ M C Lye Lemma V.2 implies that P£ is the norm limit of (74€)n>1
n LEP)'
By the analogue of Lemma II.6, there exists £ € ReS42 such that £ = AZ'.

Hence £ = P{ = 4¢P and
Wm>1, A lmdl=m,A"U=n,t'cM.

As Al = P'A, A%' = £'A? = Al = (A, hence, as £ € M, n, 0 = {r, [R,
Theorem 13.13]. This implies 7,f = m,fr, hence 1,¢' = 7,l'7, € Re M. As
(Tnt1 — Tn)n>1 is @ w.u.c. series in M, (7,€')n>1 is a weak Cauchy sequence in

% hence in Lg,. Let A € ReL}; be its limit. Then m,A = m €' (n > 1), the
sequence (AmyA)n>1 = (Ta€)n>1 is norm convergent to £ in L E® and convergent

to AX for o(L), Lp» ), hence A’ = AX. As || A||z3 < 1, A € ReSy4:. By (V.4),
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Tl > 0in LY (M, 7) and in M, hence £ > 0. By (V.4) again 7,Ar, 2 0(n 2 1)
hence A > 0. X satisfies conditions a,b,c,d, which proves the lemma.

Let us note that if E is p-convex (1 < p < 2) E, is g-concave ( :—, + % =1) hence
Lg, has cotype g by [X2], the w.u.c. series ((7n41 — Tn)}€')n>1 is unconditionally
convergent in Lg, and A € Lg, .

LEMMA V.7: Let 7 be a finite trace on M, let E, E® be the dual spaces of o-
order continuous symmetric function spaces, such that E* has a strictly increasing

norm. Then every compact linear operator T: Lg@)(M,7) — H such that
T*: H — M is 2/2 factorizable.

Proof: By the analogue of Lemma IV.5 we may assume || T ||= 1 =|| T(4) ||=
I Al s 4 2 0. Let £ = ReT*T(A), hence £ € ReS4, £ € M. By the same
proof as in Lemma IV.3, if P is the support projection of A and P+ @ =1d,

(a) VX = QXQ € Ly, T(X)=0
(b)Vn>1, VBelI(A,m+Q)

(V.5) | T(B) <2< ¢,B? >

where (,)n>1 and £ satisfy the conditions stated in Lemma V.6.

By the analogue of (IV.3), (V.5) still holds true for every B in the norm closure
of I(A, 7, + Q) in Lg(), hence by a) and lemma V.4, (V.5) holds true for every
B in Re M such that B = (7, + @)B(7 + @) (n = 1). We claim that (V.5) holds
true for every B € Re M. Indeed let B € Re M, let B, = (7, + Q)B(7n + Q)
{n 2 1). By Lemma V.2,

Bn - B, U(LE(’)vLE?))‘

By assumption T is w*-norm continuous, hence

| T(B) ||> = lim || T(B,) ||I*< 2lim inf < ¢/, B2 >
< 2lim inf < ¢, (7, 4+ Q)B?(7, + Q) > because £ > 0
=2 lim inf < ¢, 7,B%r, > because Q¢ = Q=0
=2 lim < 7,0'7,, B? >=< ¢', B > by Lemma V6.

We now claim that (V.5) holds true for every B € Re Lg) ; by the analogue of
Lemma IV.5, it will imply the lemma. Indeed for every B € Re L) let (pn)n>1
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be an increasing sequence of projections in P(B) such that \/,, p» is the support
projection of B. Then (p,B)?> < B? and p,B € M (n > 1) ; by Lemma V.2

pnB bl B, U(LE(7)1LE£’))'
Hence as £' > 0, (V.5) applied to p,B (n > 1) implies
| T(B) ||=lim || T(paB) ||< 2lim inf < £,(pnB)® ><2< €,B >.

We now consider the reduction steps. The p-convexity assumption on E is used

in the following lemma;

LEMMA V.8: Let E be a p-convex symmetric function space (p > 1). Then either

(i) E = E} where E, is a o-order continuous symmetric function space and
Lg(M,r)= L% (M,7),

or
(ii) E and E* are g-order continuous and Ly.(M,7) = Lge(M,7). I 7 is

finite,

Lg(M,7) = Lg(M,T).
E and E® satisfy (i) or (ii) simultaneously.

Proof: As E is p-convex E* is a g-concave Banach lattice (% + % = 1) hence
E* has no subspace isomorphic to ¢g. By [LT, Proposition 1.2.7) E* is o-order
continuous hence a symmetric function space. By Definition V.0, either E is
o-order continuous or E has the Fatou property. In this case by [LT, pp. 29-30]
E is the dual space of E' (the set of integrals in E*, see [LT, p. 29]): indeed
E = E” ; as E' is a closed subspace of E*, E' is o-order continuous, hence
Ell — Elt'

Note that E? is 2-convex ; E and E(? are simultaneously o-order continuous
or satisfy simultaneously the Fatou property, hence are dual spaces simultane-
ously by the above proof.

If 7 is finite the remaining assertions come from [X3, Lemma 1]. We claim

that for a g-concave symmetric function space Lp+(M,7) = L3(M,7) even if 7
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is not finite. Indeed by the proof of [X3, Lemma 1] Lp. C L} and we only have
to show that L}(M,7) C M. By [LT, Proposition 2.b.3]

Yg' >q, L'Y0,00)N LY (0,00) C F

hence
L\(M,r)n LY (M,7) C Lp(M, 7).

Moreover L'(M, 1) N LY (M, ) is norm dense in Lp(M, 1) by the o-order conti-
nuity of F and [X1, Lemma 4.5]. As LY (M,7)* = L?' (M, 1) by [D] (z+y=1)

(M, 7)C M+ L (M,r)C M.

This proves the claim and ends the proof of the lemma.

The proof of Theorem V.5: By Lemma V.8 only two cases must be considered,
either E? is o-order continuous or E(® = F* where F is o-order continuous.
Moreover by the same proof as in Lemma IV.6, the set of 2v/2 factorizable oper-
ators with norm less than one is closed for the strong convergence topology.

If E® is o-order continuous, by Lemma V.2 and the same proof as in Lemma
IV.7, we may assume that 7(Id) is finite ; in this situation, by Lemma V.8,

LYo (M, 1) = Lgey-(M,T).

As every T: L — H extends as T**: L}i,) — M with || T** ||=|| T || it is
enough to prove the theorem for L)+ (M, 7), hence in the next setting.

Let E® = F* where F is g-order continuous. By Lemma V.8, L) = L}
hence by the same proof as in Lemma IV.7, it is enough to prove the theorem
when 7(Id) is finite and T is such that T*: ‘H — Lp(M,7) has a finite dimensional
range. As M is norm dense in Lg(M, 7) we may even assume that T*: H — M.
By Lemma V.8 again, E = E} where E, is a g-order continuous symmetric
function space, hence the assumptions of Lemma V.7 are satisfied. By this lemma
such T’s are 2v/2-factorizable, which ends the proof of the theorem.
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